Consider a steady Stokes flow bounded by a flat wall to which a separatrix, not tangent to the wall, is attached at point S. If the wall is made to slowly oscillate periodically with small amplitude in a longitudinal direction, then the Poincaré map associated with this perturbed flow has a fixed point on the wall near S with an invariant manifold. This result also holds for flows bounded by a cylindrical wall and flows in which the small periodic perturbation is not due to the oscillation of the wall. This result is applied to several flow geometries in the literature. © 1997 American Institute of Physics. ͓S1054-1500͑97͒01104-X͔ In recent years, researchers have investigated the phenomenon of chaotic mixing in two-dimensional slow flows of viscous fluids "Stokes flows…. Often the system considered involves a small time periodic perturbation of a steady flow. Chaotic mixing often occurs in the vicinity of a separatrix of the steady flow, which is a streamline separating two regions of the flow with qualitatively different behaviors. These separatrices often emanate from stagnation points. When such stagnation points are nondegenerate, as is almost always the case when the points are not boundary points, there are powerful theorems which describe the Poincaré map P †which maps a fluid particle located at (x,y) to its position one period later ‡ associated with the perturbed flow. A stagnation point of the steady flow generates a nearby fixed point of P from which emanates an invariant manifold "a onedimensional P invariant point set… which looks locally very much like the separatrix. The behavior of such a manifold is crucial to the understanding of mixing. Unfortunately, when stagnation points of the steady flow are degenerate, which is usually the case when they are on flow boundaries, these powerful theorems do not apply and intuition can easily lead one astray. In this paper, we prove an existence theorem for invariant manifolds of degenerate stagnation points for a particular class of Stokes flows, demonstrate how the method of proof can be used to construct numerically such invariant manifolds, and give some examples of systems for which these manifolds can be used to explore mixing.
I. INTRODUCTION
The existence of stable and unstable manifolds associated with hyperbolic fixed points of Poincaré maps ͑Hirsch, Pugh, and Shub 1976͒ is a powerful result which has often been exploited in the analysis of chaotic fluid flows ͑see, eg., Rom-Kedar, Leonard, and Wiggins 1990; Swanson and Ottino 1990͒ . Unfortunately, there is no equivalent general result for degenerate ͑nonhyperbolic͒ fixed points as such points need not have such associated manifolds. However, an invariant manifold of a degenerate fixed point on a no-slip boundary of a flow can be important to the analysis of that flow ͑see, e.g., Camassa and Wiggins 1991; Jana, Metcalf, and Ottino 1994͒ . Most studies in which such manifolds are considered have had little evidence for their existence since few theorems deal with such manifolds. A notable exception is a result of Shariff, Pulliam, and Ottino ͑1991͒, which seems to provide necessary and sufficient conditions for the existence of an invariant manifold attached to a wall for a broad class of flows. But, as will be seen, some of the reasoning in that proof is, we believe, suspect. As we examine that reasoning, we will gain some insight into why results about invariant manifolds become so much more complicated in degenerate situations.
Consider a Poincaré map P(x,y) which arises from a two-dimensional time-periodic fluid flow with a no-slip wall at xϭ0. ͑The fluid is in the region xϾ0͒. According to Shariff, Pulliam, and Ottino ͑1991, p. 619͒, a manifold for the Poincaré map emanates from the origin with nonzero slope if and only if in the limit as x, y→0, there exists a slope ␣ different from 0 such that if x/yϭ␣ then ⌬x/⌬yϭ␣. ͓Here ␣ is meant to be the slope of the manifold at the origin and (⌬x,⌬y)ϭP(x,y)Ϫ(x,y).͔ Most likely, when formulating such a claim, Shariff, Pulliam, and Ottino were cognizant of the equivalent theorem for nondegenerate ͑hyperbolic͒ fixed points of ͑general͒ maps ͑see Guckenheimer and Holmes 1983, p. 18͒. Consider a two-dimensional map P(x,y) ͑which is at least a C 1 diffeomorphism͒ with a hyperbolic fixed point at ͑0,0͒. We will assume that the linearization of P around ͑0,0͒ has two ͑posi-tive͒ eigenvalues, Ͼ1 and ␦Ͻ1, with associated eigenvectors E and E ␦ . In this case, the theorem states that the map P has a local stable manifold W loc s which is tangent to E ␦ and a local unstable manifold W loc u which is tangent to E . Additionally, both W loc s and W loc u are as smooth as P. We note that P need not be area preserving for this theorem to hold.
In the degenerate case, it is not at all unreasonable to look for generalizations of the eigenvectors E and E ␦ and expect to find smooth manifolds tangent to such vectors. One can think of an eigenvector as specifying a direction, and that direction is increasingly well preserved by ͑hyperbolic͒ P as ͑0,0͒ is approached. If the slope condition of Shariff, Pulliam, and Ottino is met, the vector ͑␣,1͒ specifies such a direction for a degenerate P. Thus it is not unreasonable to hope that the existence of such a vector will be both necessary and sufficient for the existence of a local invariant invariant manifold for P which is tangent to ͑␣,1͒ and is as smooth as P. ͑Shariff, Pulliam, and Ottino make no such smoothness claim.͒ Unfortunately, this is not true for maps in general, as the following two examples show.
A. Example 1
Define a map by
Note that this map is the identity on xϭ0 ͑the wall͒, the determinant of the Jacobian is 1 along the wall, and there is an invariant manifold yϭx 2 ϩx emanating from the origin. Moreover,
so that along the line yϭx, which is tangent to the invariant manifold at the origin, we have
which is not consistent with the necessity claim in Shariff, Pulliam and Ottino as long as a is not 0. It should be noted that it is not hard to show that yϭx 2 ϩx is the only analytic manifold based at the origin which is not tangent to the wall at that point.
B. Example 2
Let P(x,y)ϭ(xϩx 6 ,yϩxy 2 ϩx 7 ). Note that P(x,y) is the identity on the wall and that the Jacobian has determinant 1 there. The Shariff, Pulliam, and Ottino claim for a sufficient condition to assure the existence of an invariant manifold tangent to yϭ0 translates to: along the line yϭ0, as x→0, ⌬y/⌬x→0. Since along the line yϭ0, we have ⌬x ϭx 6 and ⌬yϭx 7 , this condition is satisfied. Thus there should be an invariant manifold emanating from the origin which is tangent to yϭ0. We claim that there is no local invariant manifold of the form yϭM (x) which is analytic in any neighborhood of the origin. Let M (x)ϭaxϩbx 2 ϩcx 3 ϩ••• be such a manifold. To be invariant under P(x,y), it must be the case that M (xϩx 6 )ϭM (x)ϩxM (x) 2 ϩx 7 . Expanding both sides of this equation as a power series and comparing coefficients yields c 2 ϩ1ϭ0. Thus no local analytic invariant manifold exists, and a closer look at the above argument reveals that no local invariant manifold can even be C 8 , even though P(x,y) is analytic and hence C ϱ . We note that we are unable to prove that there is no C 0 -invariant manifold meeting the wall nontangentially at the origin, although we suspect that this is the case.
Thus it would appear that the necessity claim in Shariff, Pulliam, and Ottino does not hold for maps in general, and that there is good reason to suspect that the sufficiency claim is also false in general. Certainly the smoothness condition of the parallel theorem for hyperbolic fixed points does not generalize. It may be possible to salvage the claim of Shariff, Pulliam, and Ottino by restricting attention to particular area preserving maps which arise from special classes of fluid flows, but how one would prove such a restricted claim is unclear to us.
We emphasize that we have no counterexample to the main theorem of Shariff, Pulliam, and Ottino regarding Poincaré maps which arise from incompressible flows. That theorem might still be true, even if the aforementioned claim cannot be salvaged in any form. It is the proof of that main theorem, which depends heavily on the claim we have just discussed, which we find to be uncompelling.
In the next section of the paper, we prove an existence theorem for an invariant manifold attached to an oscillating flat wall in a Stokes flow, a situation not addressed by Shariff, Pulliam, and Ottino, and then show that our result also holds if the wall is fixed. When the wall is fixed, our flow is a special case of the more general flow considered by Shariff, Pulliam, and Ottino. In Sec. III, we show that our theorem generalizes to a cylindrical wall, and we apply our results to several flow geometries from the literature.
II. THEOREM AND PROOF
Consider the two-dimensional flow of an incompressible fluid beside a no-slip wall oscillating longitudinally. Let (x,y) be dimensionless Cartesian coordinates. Assume the oscillating wall coincides with xϭ0; the fluid and, possibly, objects that may influence the flow ͑e.g., a rotating cylinder͒ occupy the region xϾ0. Since the flow is incompressible, its velocity components in the x and y directions can be expressed as Ϫ y and x , respectively, where is a timeperiodic stream function and subscripts x and y denote partial differentiation. We take to be dimensionless, and assume it has the form ͑x,y,t͒ϭ 0 ͑x,y ͒ϩ⑀ 1 ͑x,y ͒w͑t͒, ͑2.1͒
where, along the entire wall xϭ0,
and w(t) is a periodic function with period T whose average value over one period vanishes. The form used for in ͑2.1͒ arises naturally by superposition in contexts where the quasisteady Stokes approximation applies ͑see Sec. III͒; note that this approximation is quite good for any incompressible flow in the neighborhood of a slowly oscillating no-slip wall. The boundary conditions in ͑2.2͒ imply that the wall at x ϭ0 oscillates with velocity ⑀w(t) in the y direction. The flow represented by 0 alone is the unperturbed flow obtained when the wall at xϭ0 is not oscillating, i.e., when ⑀ ϭ0. We assume that the unperturbed flow has a separatrix, not tangent to the wall and on which the flow departs from the wall, emanating from the point ͑0,0͒. Without loss of generality, we can take 0 ϭ 1 ϭ0 along the wall. Thus ͑2.2͒ implies that 0 ϭx 2 u (x,y) . Along the separatrix, we must have 0 ϭ0, and hence for xϾ0, uϭ0 there also. By continuity, u(0,0)ϭ0 and thus 0,xx (0,0)ϭ0. Since the flow departs the wall near ͑0,0͒, 0,xxy (0,0)р0. ͓Check dx/dtϭ Ϫ 0,y near ͑0,0͒.͔ We shall make the stronger nondegeneracy assumption that 0,xx ͑0,0͒ϭ0, 0,xxy ͑0,0͒Ͻ0.
͑2.3͒
The negativity of 0,xxy (0,0) ͓combined with the conditions on 0 in ͑2.2͔͒ is sufficient, but not necessary, for the nontangency of the separatrix to the wall at ͑0,0͒ and is, moreover, essential for the construction of the manifold in the proof below. The perturbed flow obtained when ⑀ 0 is time-periodic with period T, where T is the period of w(t).
Let PϭP be the Poincaré map with base phase which maps the position of a fluid particle at time tϭ(mod T) to its position one period later. Let W (t)ϭ͐ t w()d. We assume that w(t) is piecewise continuous; it follows that there are at least two distinct values of on ͓0,T) such that the average value of W (t) over one period vanishes. Without loss of generality, we can take one of those values to be ϭ0. Note that every point on the plane xϭ0 is a degenerate fixed point of P. Clearly, the separatrix based at ͑0,0͒ in the steady flow is an unstable manifold of ͑0,0͒ under P when ⑀ϭ0. The theorem below addresses the persistence of this manifold when ⑀ 0. It also addresses the persistence of a stable manifold ͑associated with a separatrix in the unperturbed flow on which the flow approaches the no-slip wall͒ if the flow is reversed by negating .
Theorem 2-1: For ͉⑀͉ sufficiently small, P has an unstable manifold based at a degenerate fixed point B ϭ(0,y B ) and not tangent to xϭ0. Furthermore, y B ϭ⑀W 0 ()ϩO(⑀ 2 ), and B is the only point on xϭ0 within O(⑀) of ͑0,0͒ with an invariant manifold under P.
Proof: Note that y B depends on . ͓We will on occasion write y B ().͔ First consider 0 (x,y), which ͑2.2͒ and ͑2.3͒ imply is of the form 0 ϭx 2 ͓axϩbyϩ f ͑y ͒ϩxg͑y ͔͒ϩO͑x 4 ͒, ͑2.4͒
where f (y)ϭO(y 2 ), g(y)ϭO(y), aϭ 0,xxx (0,0)/6, and b ϭ 0,xxy (0,0)/2 with bϽ0. We require that ͉⑀͉Ӷ͉b͉. Now, from ͑2.2͒, 1 is of the form 1 ͑x,y ͒ϭxϩx
where ␤(y)ϭO(y). The dynamical equations for the perturbed flow are thus ͑for xϽ͉⑀͉͒
We take initial conditions for ͑2.6͒ to be x()ϭx 0 and y()ϭy 0 , where y 0 ϭO(⑀). We shall only consider values of x 0 on the interval ͓0,z͔, where z is sufficiently small such that, in integrating equations such as ͑2.6͒ for periods of time of order T or less, we may safely ignore the contributions of terms of order x 3 or higher, and that terms of order ⑀x dominate those of order x 2 . Thus certainly we must choose z Ӷ͉⑀͉. It is clear that we can choose a value zϾ0 which meets the above conditions. An integration of ͑2.6͒ for 0 рtрT then yields
Notice that the second equation in ͑2.7͒ implies that y(t) ϭO(⑀).
We note that, near the wall,
. Along the initial segment of an invariant manifold for P not tangent to the wall, this condition must also hold for y(T ϩ ) Ϫ y(). When we integrate ͑2.6͒ using ͑2.7͒, we discover that the only candidate for the base point of the manifold for which this condition is met has coordinates (0,y B ), where y B satisfies the equation Clearly an element of S is a curve in V. Let P be the operation which applies P to an element of S and then restricts the x domain of the resulting curve to ͓0,z͔. Evidently, P maps a curve in V to another curve in V. We claim that P :S→S. Now, the only condition on S that P might not preserve is the Lipschitz condition. It is sufficient to show that DP ͑the Jacobian of P ͒ maps U to U where Uϭ͕ (u,v) T ͉͉v/u͉ р K͖. Using ͑2.11͒ with xϭx 0 and yϭy B ϩmx 0 yields DP͑x,y ͒ϭͩ 1Ϫ2bxT 6axTϩ2b͑yϪy B ͒T 0 1ϩ2bxT ͪϩO͑⑀x͒.
͑2.14͒
A quick calculation shows that DP preserves U, and thus so does DP . It follows that P :S→S.
We now define a metric on S. Let p and q denote members yϭp(x) and yϭq(x) of S.
the area between the graphs of p(x) and q(x). Now P is an area-preserving diffeomorphism, and some of the area between p(x) and q(x) near xϭz will be mapped outside of V if p(x) and q(x) are not identical there. Thus d͓P (p),P (q)͔рd(p,q). Hence under the metric d, P is continuous on S, and is in fact almost a contraction. If we define d 1 (p,q) as the maximum of ͉p(x)Ϫq(x)͉ for x ͓0,z͔, the Lipschitz condition implies that
͑2.16͒
Thus any Cauchy sequence in S under d is also a Cauchy sequence under d 1 . Standard arguments establish the completeness of S under d 1 , and consequently under d. Now, let p(x)ϭy B ϩKx and q(x)ϭy B ϪKx for 0рx рz ͑i.e., p and q represent two sides of the triangular region V͒, and let P n denote the composition of P with itself n times. It is clear that P n (V) is bounded by P n (p) and P n (q) together with the line xϭz and that P n (V)ʚP nϪ1 (V). An examination of the x component of P makes it apparent that as n approaches infinity, the area of P n (V) approaches 0. Thus for any ␥Ͼ0 there is an integer N such that the area of
for all nуN. Hence the sequence ͕P n (p)͉nϭ0,1,2,...͖ is a Cauchy sequence in S and, therefore, converges to a limit function M (x) also in S. Since P is continuous on S, it is apparent that P ͓M (x)͔ϭM (x). Clearly M (x) is a local invariant manifold for P, and is, in fact, the local unstable manifold of B. Iteration of P on M (x) produces the global unstable manifold.
We now show that yϭM (x) is locally unique as an unstable manifold. If that were not the case, there would be another unstable manifold ͑possibly tangent to the wall͒ based on the wall at or near Bϭ(0,y B ). Call this manifold Q. If Q is based at y B , consider the area bounded by y ϭM (x), Q, and xϭk. ͓Note: Choose kϽz sufficiently small so that throughout this region, y is O(⑀), and allow for the possibility that Q intersects M (x)͔. Iteration of P Ϫ1 contracts all of this area to y B , violating the area preserving nature of P. If Q is not based at y B , the two unstable manifolds cannot intersect, so there is a single region for which Q, yϭM (x), xϭ0, and xϭk are the boundaries. But y ϭM (x) and Q are invariant manifolds, and P carries the segment xϭk to a curve on which xϾk. This again violates the area preserving nature of P. Thus yϭM (x) is a locally unique unstable manifold for P.
We note that, since the flow within O(⑀) of ͑0,0͒ moves away from the wall, any invariant manifold of a wall point in that neighborhood must be unstable; thus B is the only point on the wall within O(⑀) of ͑0,0͒ with any type of invariant manifold. This completes the proof.
It is worth remarking that DP has, to order ⑀, an eigenvector (Ϫb,a) T . Hence we would expect that M (x)Ϸy B Ϫax/b.
We note that the argument just given can be modified easily to apply to the case when the wall at xϭ0 is stationary and the time periodic part of the flow is due to some other system component being oscillated in a fashion which preserves the principle of superposition. In this case, the condition on 1,x in ͑2.2͒ becomes 1,x ϭ0; hence 1 will have no term of order x, and so y͑tϩ ͒ϭy 0 ϩO͑⑀x 0 ͒.
͑2.17͒
As a result, y B ϭ0. The rest of the argument is identical to that previously given, and thus Theorem 2-1 ͑with y B ϭ0͒ holds for this case also. We now make some remarks of a physical nature concerning Theorem 2-1. Let BЈ be a point on the wall which moves with the wall and coincides at tϭ0 with ͓0,y B (0)͔, the point from which the unstable manifold emanates for base phase ϭ0. It is clear from the no-slip condition, along with the continuity of x and y , that the manifold must move with BЈ. Thus at tϭ, BЈ coincides with B ϭ͓0,y B ()͔, and in the time interval ͓0,͔, BЈ moves a distance
It is easy to see that Eq. ͑2.9͒ is consistent with ͑2.18͒. Also, Eqs. ͑2.1͒, ͑2.4͒, and ͑2.5͒ can be used to rewrite ͑2.8͒ more transparently as
Hence the condition on y B is equivalent to the vanishing of the average shear stress on the oscillating wall over one period starting at tϭ and evaluated at the point B as it moves with the wall. This is a nice generalization of the fact that 0,xx vanishes at a point on a fixed wall coinciding with x ϭ0 if the steady flow associated with 0 has a separatrix based at that point.
III. APPLICATIONS AND EXTENSIONS
The case to which Theorem 2-1 is directly applicable is that of a slow viscous flow with a slowly oscillating planar boundary. We assume that the Reynolds number Re is much less than 1 and the Strouhal number Sr is of order 1, which makes the quasisteady Stokes approximation appropriate. Thus the flow is determined only by the instantaneous velocity of its boundaries. Consider, for example, the two-dimensional flow due to an oscillating wall and a rotating cylinder. Under the quasisteady Stokes approximation, the stream function for the flow induced by steadily rotating the cylinder and oscillating the wall in its own plane with velocity w(t) is the superposition of the stream function for the flow due to a rotating cylinder beside a fixed wall and that for the flow due to a wall moving in its own plane with velocity w(t) beside a fixed cylinder. The stream functions for both of these component flows can be obtained in closed form from Wannier ͑1950͒; note that the wall velocity w(t), though time dependent, can be substituted into the appropriate formula of Wannier as if it were a constant. It is easily verified that the unperturbed (ϭ0) flow has a separation region which contains the rotating cylinder and is bounded by a portion of the wall and a heteroclinic streamline which separates from the wall at one point and reattaches to the wall at another. Now, after coordinatizing this flow as in Sec II taking the separation point to be the origin, the stream function satisfies conditions ͑2.1͒ to ͑2.3͒, the condition on 0,xxy in ͑2.3͒ has been verified for cylinders of any radius and distance from the wall. Thus Theorem 2-1 applies at the separation point; by symmetry, it also applies at the reattachment point ͑taking it to be the origin͒ if the flow is reversed. Hence the Poincaré map P has both an unstable manifold and a stable manifold attached to the oscillating wall for ͉͉ sufficiently small. Moreover, it is likely ͑though it would need to be confirmed computationally͒ that these unstable and stable manifolds intersect each other transversely infinitely many times to create a heteroclinic tangle and, therefore, chaos.
Theorem 2-1 was developed initially to investigate the rotor-oscillator flow ͑ROF͒, a more interesting variant of the flow just considered ͑Hackborn, Ulucakli, and Yuster 1997͒. A few of the pertinent results of the study by Hackborn, Ulucakli, and Yuster are presented here to show the applicability of the ideas in Sec. II. The ROF is a two-dimensional flow between parallel walls and is driven by a slender rotating cylinder ͑the rotor͒ and the longitudinal oscillation of one of the walls ͑the oscillator͒. Let 2h be the distance between the walls, a and be the radius and angular velocity, respectively, of the rotor, and Vcos(␣t) be the velocity of the oscillator. In the Hackborn, Ulucakli, and Yuster study, a mathematical model of the ROF is constructed using the quasisteady Stokes approximation and by letting a→0 while holding a 2 constant. The resulting flow is the superposition of a steady flow due to a line rotlet between fixed parallel walls and a time-periodic Couette shear flow due to the oscillator. ͓A line rotlet is a singularity, mathematically equivalent to a line vortex of potential flow theory, which exerts torque but no force on the surrounding fluid. Its use as a substitute for a rotating cylinder of nonzero radius in order to simplify a Stokes flow was pioneered by Ranger ͑1980͒.͔ After suitably coordinatizing and nondimensionalizing, the stream function for the ROF can be expressed as ͑x,y,t͒ϭ 0 ͑x,y;c͒ϩ⑀
and 0 (x,y;c) is given in Hackborn, Ulucakli, and Yuster ͑1997͒. The parameter c denotes the position of the line rotlet, located at (x,y)ϭ(c,0) for Ϫ1ϽcϽ1. The fixed wall coincides with xϭϪ1, the oscillating wall with xϭ1. Like the unperturbed case of the flow involving a single wall considered above, the unperturbed flow associated with 0 (x,y;c) has a heteroclinic streamline ͑see Fig. 1͒ attached at points B 0 and C 0 to the wall at xϭ1 provided that c 1 ϽcϽ1 where c 1 Ϸ0.4411. Furthermore, when c 1 ϽcϽc 2 where c 2 Ϸ0.6700, the unperturbed flow has a hyperbolic stagnation point A 0 to which a figure-eight pair of homoclinic streamlines ͑see Fig. 1͒ is attached. Now, through an affine change of coordinates, the wall at xϭ1 can be moved to xϭ0 and the separation point B 0 can be translated to the origin. Theorem 2-1 now applies at B 0 ͑the condition on 0,xxy in ͑2.3͒ has been confirmed numerically for c 1 ϽcϽ1͒, and therefore, for ͉⑀͉ sufficiently small, the Poincaré map P with base phase ϭ0 has an unstable manifold B u based at a degenerate fixed point B, within an O(⑀ 2 ) distance of B 0 , on the oscillating wall. Similarly, P has a stable manifold C s based at a degenerate fixed point C, within an O(⑀ 2 ) distance of C 0 , on the oscillating wall. Moreover, well-known results ͑Guckenheimer and Holmes 1983, p. 186͒ ensure that P has unstable and stable manifolds A u and A s based at a locally unique hyperbolic fixed point A within an O(⑀) distance of A 0 for sufficiently small ͉⑀͉. Short segments of the manifolds A u , A s , B u , and C s are shown in Fig. 2 for cϭ0 .5, ⑀ϭ0.004, and ϭ0.4. Note the transverse intersections of A u and A s , indicative of homoclinic tangling, and of B u and C s , indicative of heteroclinic tangling, in this figure.
What makes the ROF interesting is the presence of both heteroclinic tangling, associated with the degenerate fixed points B and C, and homoclinic tangling, associated with the hyperbolic fixed point A. The heteroclinic tangling and the homoclinic tangling give rise to what we term the degenerate mixing region and the hyperbolic mixing region, respectively. ͑In cases where B u and A s intersect, these two mixing regions combine to form what we term the hybrid mixing region.͒ Degenerate mixing regions have been largely ignored in most studies of chaotic mixing. A measure of the rate at which mixing occurs in a mixing region is the area of a lobe, the region bounded by the segments of corresponding unstable and stable manifolds joining two adjacent primary intersection points ͑Rom-Kedar, Leonard, and Wiggins 1990͒. Let (L D ) denote the area of a degenerate lobe, a lobe bounded by segments of B u and C s , and (L H ) the area of a hyperbolic lobe, a lobe bounded by segments of A u and A s . ͑When ͉⑀͉ is sufficiently small, all degenerate lobes have equal area and all hyperbolic lobes have equal area for fixed values of c, ⑀, and .͒ Table I ͑cf. Fig. 2͒ gives some lobe areas, found numerically and also using the Melnikov function. ͓The use of the Melnikov function for the calculation of (L D ) is speculative. More will be said about the Melnikov function and its use below.͔ Note that (L D ) is roughly twice as large as (L H ) for the cases shown in the table. The ROF is important since it demonstrates that the rate of mixing in a degenerate mixing region can exceed that in a hyperbolic mixing region in a flow where both are present.
Theorem 2-1 is very useful in analyzing flows such as the ROF for several reasons. First, the theorem establishes the existence of an invariant manifold attached to a degenerate fixed point on a no-slip wall. Second, the theorem provides an estimate, ͑2.9͒, correct to O(⑀ 2 ), for the location of the degenerate fixed point to which the manifold is attached and a formula, ͑2.8͒ or ͑2.19͒, which can be used to compute the exact location of the point. Third, an accurate algorithm for computing an initial segment of the manifold arises naturally from the proof of the theorem; a standard algorithm ͑e.g., Parker and Chua, 1989͒ can then be used to compute an arbitrarily long segment of the manifold.
We will now outline our triangle algorithm, based on the proof of Theorem 2-1, for computing an initial segment of the unstable manifold B u in the special case of the ROF, although this algorithm can be applied to any system for which Theorem 2-1 ͑or 2-1c, below͒ holds. We will use the same coordinate system as that used to state the ROF above ͑with a fixed wall at xϭϪ1 and an oscillating wall at x ϭ1͒ rather than the system used in the proof of the theorem. In what follows, aϭ 0,xxx (1,y 0 )/6 and bϭ 0,xxy (1,y 0 )/2, where B 0 ϭ (1,y 0 ) ͑see Fig. 1͒ . To begin the algorithm, B 0 is found using the fact that 0,xx vanishes there, and the point B ϭ (1,y B ) is computed using ͑2.9͒ and ͑2.19͒ with ϭ0. A triangle with one vertex at B is then constructed. The base of this triangle is parallel to the wall at xϭ1; let xϭx base on the base. We choose x base to control the rate at which a small line segment, which crosses the base perpendicularly, is stretched by the map P. Selecting a stretch rate which is not too large ensures the validity of subsequent computations. In our algorithm, we chose x base ϭ1ϩ0.2/bT, where T is the period of oscillation; this gave a stretch rate of about 20%. The sides of the triangle are segments of the two straight lines with equations yϭy B ϩK i (1Ϫx). Let K 1 and K 2 , with K 1 ϽK 2 , be the slopes for the two sides of the triangle. Each side of the triangle is represented by a number ͑we used 10͒ of equally spaced points located on that side from xϭx base to xϭ1; values for K 1 and K 2 are chosen so that the images under P of these points ͑excluding B͒ lie between the two lines coinciding with the sides of the triangle. For the ROF, K 1 ϭa/b ͑which is the slope of the line tangent at B 0 to the separatrix in the unperturbed flow͒ was always suitable, and K 2 was found by repeatedly doubling a trial value of K 2 ϪK 1 until a suitable value was found. At this point, we know that an initial segment M of B u lies in the triangle. To find M , P is applied iteratively to the points used initially to represent the sides of the triangle. At each iteration, the images of these points represent two curves lying on each side of M ; if enough ͑we used three͒ points on a curve have abscissas less than x base , all the points are interpolated using a cubic spline to obtain the same number ͑10͒ of new points with equally spaced abscissas from xϭx base to xϭ1. When the average distance between points with the same abscissas on the two curves is sufficiently small ͑we used 10 Ϫ5 ͒, a good approximation to M is provided by the points on either curve. It should be noted that the advantage of trapping M between two iterated curves as we have described, compared to letting one iterated curve approach M until successive iterates are very close, is that the former method allows the error to be bounded ͑much like the bisection algorithm for root-finding͒ but the latter method does not since its rate of convergence is unknown. Finally, we note that our triangle algorithm ͑using P Ϫ1 instead of P͒ can also be employed to compute an initial segment of a stable manifold.
If the fixed point ͑or points͒ associated with a homoclinic ͑or heteroclinic͒ streamline in a steady flow is ͑are͒ hyperbolic, Melnikov's method ͑see Wiggins 1988͒ can be used to determine whether the Poincaré map associated with a time-periodic perturbation of the flow has transversely intersecting unstable and stable manifolds corresponding to the perturbed streamline. This method involves the use of the Melnikov function, the ͑scaled͒ coefficient of the leading O() term in a series expressing the signed distance between the manifolds. Unfortunately, there is no general theory concerning the applicability of Melnikov's method to manifolds associated with degenerate fixed points, and we have been unable to prove it applies in the specific case of the manifolds B u and C s of the ROF. ͓To prove this, one would need at least to show that B u and C s can be expressed as series in powers of , up to at least an O(⑀ 2 ) error term, on time intervals (Ϫϱ,0͔ and ͓0,ϱ), respectively.͔ Nevertheless, a Melnikov function associated with B u and C s can still be calculated using the standard formula from the hyperbolic case. In Hackborn, Ulucakli, and Yuster ͑1997͒, the Melnikov functions for the hyperbolic and degenerate cases are found to be Table I were found by integrating the Melnikov functions in ͑3.3͒ over one period Tϭ2/ and using computed values of F H and F D ͑given graphically for cϭ0.5 in Hackborn, Ulucakli, and Yuster͒. The increasingly good agreement as decreases between numerical and Melnikov values for (L D ) in Table I yields strong numerical evidence that Melnikov's method applies to the manifolds B u and C s of the ROF. It would be significant and useful to show rigorously that Melnikov's method is valid for any manifolds of the type dealt with in Theorem 2-1.
Can Theorem 2-1 be extended to the case of a no-slip curved wall ͑defined by the curve on which some coordinate in a curvilinear coordinate system vanishes͒ oscillating in such a way that its position does not change? Instead of attempting to answer this question in general, we consider only the case of a cylindrical boundary since it is perhaps the only practical situation in which a boundary can oscillate in the required way. Let (r,) be dimensionless polar coordinates, and assume that the cylindrical boundary coincides with rϭ1. The fluid ͑and, possibly, objects that may influence the flow͒ may lie either outside the cylinder (rϾ1) or inside it (rϽ1). Define new coordinates ͑,͒ as follows: ϭrϪ1, ϭ if the fluid lies in the region rϾ1; ϭ1 Ϫr, ϭϪ if the fluid lies in the region rϽ1. The equations of motion for a passively advected particle at position ((t),(t)) are
where the ϩ, Ϫ in Ϯ correspond to the cases where the fluid lies in the region rϾ1, rϽ1, respectively. We assume conditions ͑2.1͒ to ͑2.3͒ with ͑,͒ replacing (x,y), representing a flow beside a cylindrical wall at ϭ0 oscillating with angular velocity w(t) in the direction and, when ϭ0, with a separatrix based at ͑0,0͒ on which the flow departs from the wall at a nonzero angle. It is now easy to prove a variant of Theorem 2-1, which we call Theorem 2-1c, in which ͑,͒ replaces (x,y). The proof proceeds as in Sec. II, with only minor changes. Theorem 2-1c is immediately applicable to certain variants of a flow that has become emblematic of low Reynolds number chaotic mixing: the eccentric-cylinder flow ͑ECF͒. The ECF is a two-dimensional flow in the annular region between two cylinders with parallel axes. The steady ECF ͑see Ballal and Rivlin 1976͒ generally has a hyperbolic stagnation point when the cylinders rotate in opposite directions. A number of studies ͑e.g., Aref and Balachandar 1986 , Chaiken et al. 1986 , Swanson and Ottino 1990 have exploited this by superposing a timeperiodic perturbation to create a homoclinic tangle. When only one cylinder is rotating and the placement of the inner cylinder is sufficiently eccentric, the steady ECF has a heteroclinic streamline attached at both ends to the stationary cylinder. If the stationary cylinder in these cases is made to rotate in an oscillatory way, with angular velocity w(t) say, Theorem 2-1c applies ͓regarding condition ͑2.3͒, we have verified that 0, is negative at a separation point and positive at a reattachment point in all cases͔ and shows that the Poincaré map P has both an unstable manifold and a stable manifold ͑probably creating a heteroclinic tangle͒ attached to the oscillating wall when ͉͉ is sufficiently small. Another study of chaotic mixing by Jana, Metcalfe, and Ottino ͑1994͒, considers the so-called vortex mixing flow ͑VMF͒ in the doubly connected region outside two small cylinders and inside a larger cylinder containing the small ones. The steady VMF induced by rotating one or two of the cylinders often has one or more heteroclinic streamlines attached to a stationary cylinder; hence Theorem 2-1c applies generically ͑the sign condition on 0, would need to be verified numerically at specific separation and reattachment points͒ in these cases too. It may be that large degenerate or hybrid mixing regions exist in the ECF or VMF geometries when a time-periodic perturbation generated by oscillating a cylindrical wall is used. We think it would be well worthwhile to investigate these situations.
